To better understand the resonance modes caused by the interelement couplings in the building block of metamaterials, we propose a circuit model for the hybrid resonance modes of paired split ring resonators. The model identifies the electromagnetic coupling between the paired rings by electric and magnetic coupling networks and well explains the variation of hybrid resonance modes with respect to the distance and the twist angle between the rings. The predictions of our model are further proved by experiments. 387-394 (1990).
Introduction
Metamaterials, whose electromagnetic responses can be tailored by engineering, provide a new way to manipulate the electromagnetic (EM) wave. Many abnormal phenomena, such as negative refraction, superlens and cloaking, have been predicted and demonstrated by using metamaterials [1] [2] [3] [4] [5] . The building elements of metamaterials, i.e. the artificial "atoms", can be designed to yield desired electric and magnetic moments. As the "atoms" have subwavelength scale, the metamaterial is usually regarded as effective medium and its EM responses can be treated as the average responses of the "atoms". Up to now, many abnormal phenomena arising in metamaterials, such as negative refraction, have been successfully explained by the effective media theory (EMT), even though some "atoms" are not really electrically small. Nevertheless, there are still some phenomena like hybrid resonance and optical activity [6, 7] cannot be clearly interpreted by EMT, which is known to be caused by the interaction between the elements within the unit cell, the interelement couplings. In fact, in some circumstances [8] [9] [10] [11] [12] [13] , the interelement couplings could be extremely significant enough to result in many special EM characteristics that do not exist in conventional metamaterials. The hybrid resonance is one that is usually considered originate from the very strong interactions [14] between the elements in unit cell. Hence, the hybridization model, originally used to describe the plasmon response of complex nanostructures [15, 16] , was applied to the metamaterial to understand the interelement coupling. A good example is the hybridization model by means of Lagrangian formalism [10, 11] well describing the split of resonant frequencies of the paired split ring resonators (SRR) and its variation with respect to the relative position of the rings. Recently, chiral metamaterials attract lots of attentions [17] and the chirality may have some close relationship with the interelement coupling. Therefore, it is necessary to well appreciate and do some further studies for fully understanding the interelement coupling effects.
In this work, a circuit model is proposed to better understand the interelement coupling in the paired SRRs. The model identifies the electric and magnetic coupling using coupling capacitances and mutual inductance. With the derived eigenfrequencies of hybrid resonance modes, we explore the state of hybrid modes and the breakdown of the hybridization. The variation of resonances with respect to the electric and magnetic coupling coefficients is also discussed. The results reveal that the mutual inductance and the coupling capacitances can greatly change the resonance states, and the hybrid resonance mode does not necessarily need a very strong coupling. Our model can well explain the shift of the hybrid resonant frequencies with respect to the variation of the distance and twist angle of the two rings. All the predictions of our model are further demonstrated by experiments.
Circuit model
Consider that the metamaterial consists of broadside-coupled SRRs [18], whose unit cell is shown in Fig. 1(a) . The two rings are supposed to be identical and the space between the rings is small so that the EM field in one ring could affect the other. The incident EM wave is assumed propagating along z-direction, normal to the SRR plane, and polarized along y-direction. For this configuration, the basic resonance mode of the rings will be activated when neglecting the interactions between the rings [19] and this mode is known as the LC-circuit resonance mode. However, if the interelement coupling is significant, the resonance modes will change a lot and some new modes will be created [11, 12, 18] . Basically, there are two types of interelement couplings between the rings: the electric coupling and magnetic coupling. The magnetic coupling is due to the mutual inductance between the rings. The circulating current in one ring produces a magnetic field affecting the magnetic field distribution in the other ring. The two rings are magnetically linked. Also, the small space between the rings changes the distributions of the charges gathered in the slits of SRRs, which forms the mutual capacitance between the rings, making the two rings electrically coupled. When resonated, each ring can be modeled by an LRC circuit and the interactions between the rings are modeled by coupling networks. As shown in Fig. 1(b) where the stereo circuit is projected onto a plane, the whole circuit consists of two parts: the two LRC circuits for single-rings and the coupling networks connecting the two LRC circuits. The electric coupling network is comprised by capacitances C 1a , C 1b C 2a and C 2b . They respectively represent the mutual capacitances between the chargers accumulated at the split of two rings at resonance, i.e. the 4 ends of two rings which could be considered as the charge-holding objects [20] . Although at resonance, the charges on SRRs are usually accumulated at the slits of the rings, it may distribute on the ring arms when the space between the rings is very small. Therefore, it would be better to consider the coupling capacitances as the capacitances between the arms. The magnetic coupling network is due to the mutual inductance M of the two rings. In the model, the resistors are mainly resulted from the metallic loss of the rings. For simplicity, here we neglect their effect since the resistors only change the quality factor with no effect on the resonant frequency. 
where I 1 and I 2 are the currents in the two SRRs, and ω is the angular frequency of the EM wave. The coefficients a ij (i, j = 1, 2) are the functions of the coupling capacitances; they are where c ij = C ij /C 0 (i = 1, 2; j = a, b) are the normalized capacitances. The capacitances and inductance are related to relative position and angle between the two rings. However, it is still challenge to get these coupling parameters by the shapes, relative position and angle of the rings. One simple way is to retrieve the parameters from resonant frequency under some circumstance, such as discussed as follows. The coefficients a 21 and a 12 are the same due to the reciprocity of circuit. The last term in the left-hand-side of the equations is the electromotive force for the mutual inductance and its sign is according to the linkage of the two rings [21] . It is clear that coefficients a 21 (or a 12 ) and M, respectively, represent the electric and magnetic coupling between the rings. Coefficients a 11 and a 22 signify the load effect of the electric coupling networks to each ring, which is easy to understand if we set the current, for example, I 2 zero. The coefficients a 11 and a 22 are usually different except in some circumstance such as the two rings are in symmetrical arrangement, or the cross-end coupling capacitances can be neglected, or the difference among the cross-end coupling capacitances and the end-end coupling capacitances is very small. The load effect makes the two rings have different eigenfrequencies even though they are geometrically identical, which can be realized from Eq.
(1). By solving Eq. (1), the eigenfrequencies of the hybrid resonance modes of the paired SRRs are derived as following: shows the interaction or "hybridization" of the two rings produces two new resonances splitting from the basic resonance of single ring. It would be very complicated to discuss the variation of eigenfrequencies with coefficients a ij and m in general. Therefore, we first consider the situation of symmetrical arrangement of the rings where the twist angle φ = 0° or 180°. In these two cases, the coupling capacitances are c 1a = c 1b = c 1 and c 2a = c 2b = c 2 . The coefficients a ij have simpler forms, which are expressed respectively as: 
Usually, capacitance c 1 is greater than c 2 in symmetrical configuration due to shorter end-end distance of the two rings [20] . Hence, the eigenfrequencies of the system are simplified as: 
where upper and lower signs are respectively for φ = 0° and 180°. Specifically, if the capacitances are much smaller than C 0 and cross-end coupling capacitances are very small whose effects can be neglected, the coefficients a ij could be further simplified to The states of the resonance can be reflected by rings' circulating current patterns and energy levels of the resonance. For twist angle φ = 0°, as an example, Eq. (1) gives the current ratio I 1 /I 2 as −1 at ω 01 and + 1 at ω 02 . Meanwhile, since the coefficients a ij and m are positive numbers, ω 01 is smaller than ω 0 . Thus, the lower frequency resonance will have the anti-symmetrical circulating currents and the higher frequency resonance has the symmetrical one, coinciding with the results in Ref [11] .
Simulation and experiments

Simulations of SRR in symmetric configuration
Regarding the case of symmetric configuration, the variation of the hybrid resonance modes is due to the space between the rings [22] . When two rings are far way, the interactions disappear and all the coefficients equal to zero. One resonance peak will occur in the transmission or reflection spectrum. Once two rings are close enough, the hybrid resonance occurs, two resonance peaks will appear and the shape of the resonance curve will vary with the distance between the rings. When the two rings are extremely close, capacitances c 1 and c 2 become huge and all magnetic flux in one ring goes through another, making a 11~1 , a 21 ~0 and m~1. As a result, ω 01 tends to zero and ω 02 is finite, only one resonance peak will show in the transmission or reflection spectrum.
To intuitively demonstrate the above predictions, we simulated the transmission of an array of stacked U-shaped SRRs (uSRRs) and explored the variation of its resonant frequency by changing the space D between the two rings. The two SRRs are prepared on an FR4 (ε r = 2.5) substrate with thickness of 1.0 mm and stacked face-to-face with a dielectric slab in the middle. The resonance of uSRR is designed in microwave X-band and the dimension of uSRR is in its smallest size. The metallic strip is with side length L = 5 mm and width w = 1.8 mm. The lattice constant of the array is a = 13.2 mm [see Fig. 5(b) ]. Figure 2 (a) plots the simulated results at twist angle φ = 0°. The simulations were performed by software CST microwave studio. The operating frequency range is 8-12GHz. We see the resonant frequency varies with the space D between the two rings. When D is large enough (over 10mm, nearly about λ/3 where λ is the wavelength corresponding to the central frequency), the system has only one resonant frequency and only one dip presents in the transmission [see the inset (I.3)]. Without any EM interaction in the rings, each ring behaves like a free "atom" and the hybridization breaks down. When the two rings approach, two resonances appear. As shown in the inset (I.2), the basic resonance of single ring splits into two new resonances; one is lower than ω 0 and the other is higher than ω 0 . The current distribution at resonances is shown in Fig. 2(d) . The currents are anti-parallel at lower resonant frequency but parallel at higher resonant frequency in good agreement with the prediction of our model. As D decreases, the difference between the two resonant frequencies increases. When two rings are very close (D = 0.05mm≈0.00167λ), the stacked SRR shows only one resonance again [see inset (I.1)]. The resonant frequency is about 10.23 GHz, slightly greater than the resonant frequency of a single-ring 9.65 GHz, which indicates ω 01 goes to zero and leaves the higher frequency resonance in the transmission spectrum. Due to the very strong coupling, the currents in two rings are in the same direction and their distributions are almost the same [see Fig. 2(c) ], therefore the two rings behave like a single ring. For the asymmetrical arrangement of SRRs (φ = 180°), the variation of the resonant frequencies with the distance D is similar to that shown in Fig. 2(a) , however, the state of circulating currents are different, the currents are parallel at the lower energy level and anti-parallel at the higher energy level as shown in Fig. 2(e) . In certain assumptions, we can even retrieve the coupling capacitances and mutual inductance from the resonant frequencies using Eqs. (3) and (4). We assume when D is much smaller than the distance between the two arms of the single-ring, the normalized capacitance c 2 is much smaller than c 1 and thus can be neglected. This is because the mutual capacitance decreases rapidly with the increase of distance between the charged objects. Otherwise, the capacitances c 1 and c 2 are assumed to be equal. Figure 2(b) plots the retrieved coupling capacitance and mutual inductance at twist angle φ = 0° and 180°. We see the coupling capacitance and mutual inductance decrease rapidly with the increase of the distance between the rings. This variation is physically reasonable. With the increase of the space, less magnetic lines of one ring pass through the other ring, so the magnetic coupling decreases quickly. The electric coupling is always smaller than magnetic coupling since the mutual capacitance only works in a short distance. Comparing the two symmetric configurations, we see at twist angle φ = 180° the interactions between the rings are stronger. This is especially evident at the small space D. The reason is at angle φ = 180° the circulating currents excited by the incident wave are anti-parallel, then the magnetic interference between the rings causes the enhancement of circulating currents in the rings according to the Lenz's rule. This results in the increase of magnetic coupling. Because of the anti-parallel current distribution, the charges on the same side arms of the rings have opposite sign forming capacitors, which may be the cause of stronger electric coupling. The retrieved mutual capacitance and inductance indicate the hybrid resonance mode of the system is basically due to the magnetic interaction between the rings and it is not necessary to need a very strong coupling.
Simulations of SRR in asymmetric configuration
Now consider the variation of hybrid modes with rotating the twist angle φ as shown in Fig.  3(a) . For arbitrary angle φ, the configuration of the ring is asymmetrical. At a fixed distance D, the coupling capacitances change a lot as rings rotating and the changes will alter the values of coupling coefficients. Figure 3(b) illustrates the variation of hybrid resonance modes frequencies with respect to electric and magnetic coupling coefficients. Here the load effect coefficients a 11 and a 22 are assumed to be different. We see the two resonance frequencies form two branches. The gap between the two branches becomes small when the difference of a 11 and a 22 is small [ Fig. 3(c)]. As a comparison, when a 11 and a 22 are the same [Fig. 3(d) ], the gap vanishes, which means there is a degenerated resonance mode when rotating the twist angle. This may happen when the distance between the two rings is relatively large. The differences among the cross-end coupling capacitances and the end-end coupling capacitances would be small enough leading to the load effect coefficients are almost the same. To verify this, we simulated transmissions of uSRR with a relatively larger space D = 2 mm when rotating the twist angle. Figure 4 (a) plots the resonant frequency as a function of twist angle. Two resonance branches present; they tend to converge at first, and then shift away from each other. A degenerated mode happens at about twist angle 45°. In the figure, the arrows beside the resonant frequencies illustrate the direction of the circulating current at the resonant frequencies. We see symmetry of the circulating currents exchanges at about 45°. Figure 4(b) illustrates the details of the exchange of circulating current at resonance; the state with anti-parallel circulating currents changes from the lower resonant frequency to the higher one as twist angle increases. Similar results were reported in the twist SRR in THz frequency range [11] . However, the avoided crossing of two resonance branches was found there, which is due to the small space between the rings that causes the coupling capacitances quite different. 
Experimental verification
As an experimental demonstration for the prediction of our model, we fabricated an array of stacked uSRR. The array was prepared on FR4 substrate by photolithography. The geometric dimension of the unit cell was the same as that of our simulations. The sample is an array of 10 × 10 stacked uSRRs as shown in Fig. 5(b) . The transmission measurements were performed using free space measurement technique [23] . Figure 5(a) is the schematic of the experimental setup, which includes focus antennas and Agilent E8363A network analyzer. We first measured transmission of the sample at the twist angle φ = 0°. Figure 5 (c) plots the measured resonant frequencies of two rings separated by different thickness FR4 slabs. The simulated resonant frequencies are also plotted in the figure as a reference. The measurements and the simulations are in good agreement. Figure 5 (e) gives the measured typical transmission curves. When two rings are very close, for example, two rings are separated by 0.03 mm thick Kapton film (ε r = 3.9), only one resonant dip is shown. With the separating slab becomes thicker, two resonant dips present in the curve; for instant, separated by 0.25 mm thick FR4 slab, two resonance dip appears; one is strong at 10.1GHz and the other is weak at 9.57 GHz. The two dips become clear with almost the same strength as rings are spaced by a 2 mm thick FR4 slab. However, when the space between the two rings are large enough, for example separated by a 20 mm thick foam slab (ε r = 1.1), the transmission once again has only one sharp dip. Then, we measured the transmission when twist angle takes different values. Figure 5 (d) plots the resonant frequencies against the twist angle. The resonant frequencies form two branches; they first tend to converge, cross at about 45°, and then shift away from each other, just the same with the simulations shown in Fig. 4(a) . Figure 5 (f) shows the measured transmissions at some typical twist angles. The results show the relative frequency change is more extensive than that reported in Ref [11] . All the measurements are in good agreement with our theoretical predictions, indicating our circuit model well reflects the hybrid resonance modes existing in the paired SRR metamaterials. 
Conclusion
In conclusion, we have developed a circuit model for the hybrid modes of paired split ring resonators. We identify the electromagnetic interactions between the rings and corresponding coupling coefficients, and derive the general form of the eigenfrequencies of the hybrid modes. This model provides a clear and intuitive picture for the hybrid resonance occurring in the paired SRRs and well explains the variation of the hybrid modes with respect to the spatial arrangement of the rings. Its predictions of the variations of the hybrid resonance modes with respect to the distance and twist angle are proved by the simulations and experiments. The way of circuit model offers a simple method to study interelement coupling effects of metamaterials and this method could be further used in exploring new phenomena related to the interelement interactions of metamaterials.
